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Modified particle filter methods for assimilating Lagrangian data
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Abstract

The process of assimilating Lagrangian (particle trajectory) data into fluid models can fail with a standard linear-based method, such as the
Kalman filter. We implement a particle filtering approach that affords a nonlinear estimation and does not impose Gaussianity on either the
prior or the posterior distributions at the update step. Several schemes for reinitializing the particle filter, specifically tailored to the Lagrangian
data assimilation problem, are applied to a point-vortex system. A comparison with the Extended Kalman Filter (EKF) for the same system
demonstrates the effectiveness of particle filters for the assimilation of complex, nonlinear Lagrangian data.
c© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

The issues surrounding the assimilation of data into models
have recently gained prominence in almost all areas of
geophysics. The quantity and quality of data has increased
dramatically with ever-improving observational technologies.
At the same time, our ability to run extensive simulations on
ever-faster computers has enhanced the use of models. Data
assimilation is the problem of estimating the optimal prediction
that combines model output, with its attendant uncertainty, and
observations, which will also contain errors.

Most of the traditional techniques of data assimilation
are based on (linear) control theory and optimization. Their
adaptation to highly nonlinear fluid flows, as in atmospheric and
oceanic dynamics, presents many mathematical challenges. We
focus here on one particular context in which such nonlinear
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behavior occurs, namely the trajectory (Lagrangian) motion
in point-vortex flow. We take an approach, based on the
statistical method of particle filtering, which is not based on
any linearization and hence accounts well for nonlinear effects.

Lagrangian observations refer to sequences of position
measurements along trajectories of (Lagrangian) tracers. Such
data are abundant in geophysical systems. In contrast to
the assimilation of Eulerian data, assimilation of Lagrangian
data poses several complications. The reason is that most
numerical models for geophysical systems are solved on a
fixed grid in space or as spectral model and do not relate to
the Lagrangian observations directly in terms of the model
variables. Thus the conventional approach for assimilating
Lagrangian data is to transform them into the Eulerian velocity
data. A new approach for assimilating Lagrangian data into the
fluid dynamical systems was introduced by Ide et al. [1]. The
essential idea behind the approach was to augment the state
space of the model by including tracer coordinates as additional
model variables, thus the resulting model directly relates
to the Lagrangian observations. In doing so, an augmented
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error-covariance matrix contains the correlation between the
Lagrangian (tracer) variables and the Eulerian (flow) variables
that plays the key role in assimilating the Lagrangian data.

This approach, the so-called “Lagrangian data assimilation
(LaDA)” method, can be implemented into either an Eulerian
or a Lagrangian model. It was first formulated in terms of the
extended Kalman filter (EKF), which computes the forecast
error-covariance matrix using the tangent linear model of
the system equations. Its effectiveness was shown by the
application to the point-vortex model as a proof of concept
[1,2]. Using the ensemble Kalman filter (EnKF) formulation
in which the uncertainty of the model state is described by
an ensemble [3], the LaDA method has been successfully
applied to more realistic geophysical systems such as a single-
layer shallow-water model [4,5] and multi-layer shallow-
water model [6]. Kuznetsov et al. [2] and [4] reported that
LaDA outperforms other methods that use more conventional
approaches (see [7,8]). Although the LaDA method has been
shown to be more efficient than conventional approaches, its
formulation based on either the EKF or the EnKF approximates
the model uncertainty up to second order using the error-
covariance matrix. When model nonlinearity is strong and the
observation period1T is long, this approximation may become
invalid and filter divergence can occur [2,4].

The particle filter (PF), in contrast, is an approach in which
a full distribution of the model uncertainty is attained by a
large number of “particles” [9,13]. In other words, the resulting
distributions are not approximated by Gaussians in the process
of particle filtering. Highly nonlinear effects in the flow can
therefore be accommodated without causing breakdown of the
filter.

In this paper, we implement the PF with the LaDA into
the point-vortex model and investigate the filter divergence
further. Owing to small dimensionality and yet complex
nonlinear (Lagrangian) dynamics, vortex models are a natural
paradigm for the investigation of data assimilation system with
Lagrangian or Eulerian observations [10,11]. Lagrangian and
Eulerian observability can be investigated formally using the
point-vortex model with one or two point vortices [12]. In
this paper, we follow the work of Kuznetsov et al. [2] who
carefully examined the performance of the EKF with LaDA
using the point-vortex model. In this paper, we introduce a
several improved PFs with LaDA tailored to the point-vortex
model and compare the PF results with the EKF results.

We begin this study by reviewing the two-point vortex
system and the general methodology of particle filters in
Section 2. We follow this by describing how a PF (with
minor modifications) can be applied to the point-vortex system
in Section 3.1. In Section 3.2 we introduce the idea of
occasional backtracking for the PF to overcome suspected
divergence and describe three specific reinitialization schemes
implemented with backtracking. In Section 4, we describe
numerical experiments where we compare the performance of
several PFs and the EKF applied to the point-vortex system.
In that section we also present and interpret results of those
experiments.
2. Background

2.1. Two-point vortex system

We begin with the description of the unperturbed two-point
vortex model with vortex locations (in the complex plane), zi
(i = 1, 2), and a single tracer with location, ξ , given by
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where ∗ denotes the complex conjugate. We focus on a case
with circulations Γ1 = Γ2 = 2π , and initial vortex locations
z1(0) = 1, and z2(0) = −1. In this system, the two vortices
rotate around the center of vorticity, zv = (z1 + z2)/2 = 0, with
a constant angular velocity of ω = (Γ1 +Γ2)/(2π |z1 − z2 |

2) =

1/2. We will consider a transformation to the Lagrangian frame
that fixes the point vortices at their respective initial conditions.
In this case Eq. (3) becomes
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where x and y are the real and imaginary components of
the tracer location, respectively. The flow in this system is
associated with a stream function which is given by

ψ(x, y) = −1/2 log[(x − 1)2 + y2
] − 1/2 log[(x + 1)2 + y2

]

+
1
4
(x2

+ y2), (5)

and is plotted in Fig. 1. Here, and throughout this paper, we
focus on four tracer initial conditions, 0.3−0.6i, 1−0.6i, 1− i,
2.4 − 2.4i, and 1.75i, which we will refer to as cases 1–4,
respectively. Unperturbed tracer paths corresponding to cases
1–4 are plotted on top of the stream function in Fig. 1.
These cases are representative of three different types of tracer
motion: motion near and around one vortex, motion around a
ghost vortex, and motion around both vortices and both ghost
vortices. It is worth noting that the initial conditions in cases
1 and 2 are quite close to the separatrices which divide the
complex plane into these different regions. In such cases, if this
system were perturbed by noise, it is likely that a tracer could
experience multiple types of motion while traversing the flow.

2.2. General methodology of particle filters

Our ultimate goal is to estimate hidden states of a nonlinear,
stochastic dynamical system by combining model predictions
and noisy partial observations of the system. Sequential
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Fig. 1. Contours of the stream function corresponding to the point-vortex
flow described by Eq. (4). Colored curves are tracer paths, ξ(t), with dots
representing different initial conditions corresponding to the four cases in
consideration: 0.3 − 0.6i (magenta), 1 − 0.6i (blue), 1 − i (cyan), 2.4 − 2.4i
(green). These four cases will be further considered in Table 1. Also plotted are
separatrices (thick, black curves) and ghost vortices at 0 + 1.75i and 0 − 1.75i.

Monte Carlo (SMC) techniques allow one to approximate
posterior distributions of hidden states at time t j given all
the observations up to that point without making assumptions
of linearity on the dynamic model or of Gaussianity on
the system/observation noise. Particle Filters are a way to
implement SMC using a large number of random samples,
or particles, to obtain discrete approximations of these
distributions [13].

The problem we consider can be expressed as dynamics of
state variable(s) described by stochastic differential equation(s)
in the form

dX t = f (X t , t)dt + g(X t , t)dWt , (6)

where X is the state variable(s), W is a standard Wiener process,
and f and g are the deterministic and random components of
the evolution, respectively. We will consider the case of discrete
observations collected at time instants {t j ; j ≥ 1} where the
observation Y is a function of the state variables subject to
observation noise

Y j = ϑ(X (t j ))+ θη j , (7)

where η j ’s are i.i.d. N (0, I ) random variables and θ2 is the
variance of the observation noise.

At the j th observation, we are interested in calculating
the conditional distribution of X (t j ) given the observations
{Yk; k ≤ j}. Here, and in the rest of the paper, we will
denote the state variable vector as x(t) (with the shorthand
x j = x(t j ) at observation instances). We denote the density
of this conditional distribution by π(xk |Y0,k) and refer to it
as the filtering density. Calculation of π consists of two steps:
prediction and filtering.
Prediction. In the prediction step, one computes the conditional
distribution of x j given all the prior observations {Yk; k ≤

j −1}. Using the Markov property, this calculation can be done
by employing the filtering density at time t j−1 and the transition
probability density p j (x j |x j−1) of the Markov process in Eq.
(6) with time step1t = t j − t j−1. More precisely, denoting the
conditional density of x j given {Yk; k ≤ j−1} by π(x j |Y0, j−1),
one has

π(x j |Y0, j−1) =

∫
p j (x j |x j−1)π(x j−1|Y0, j−1)dx j−1. (8)

This conditional density henceforth will be referred to as the
prediction density at the j th time step. In the above formula,
the pdf p j (x j |x j−1) describes the probability density at time
t j , and location x j , given that the state at time t j−1 is x j−1.

In the numerical schemes considered in this paper, the
prediction and filtering densities will be approximated by
discrete probability measures. In particular given a discrete
probability measure approximating π(x j−1|Y0, j−1), which we
denote as πa

j−1, one can use Eq. (8) to obtain a discrete
probability measure approximating π(x j |Y0, j−1) (denoted as
π

p
j ) as follows. For each point x j−1 in the support of πa

j−1
(we call such a point a particle for πa

j−1 and its probability
under πa

j−1, wa
j−1(x j−1), as the weight of the particles; similar

terminology will be used for π p), we simulate the SDE in
Eq. (6) with initial condition x j−1 for the duration between
observations, 1t . The terminal state x̂ in the simulation then
yields a particle for π p

j with weight w p
j (x̂) = wa

j−1(x j−1).

Filtering. In the filtering step one uses Bayes formula to
combine the prediction density and the current observation to
compute the posterior density at the current state, namely the
filtering density π(x j |Y0, j ) — more precisely

π(x j |Y0, j ) ∝ p(Y j |x j )π(x j |Y0, j−1), (9)

where p(Y j |x j ) represents the conditional density of Y j given
x(t j ) = x j . Using Eq. (7) and recalling that η j ’s are standard
normal random variables, one can see that

p(Y j |x j ) = c exp
[
−

1

2θ2 |ϑ(x j )− Y j |
2
]
, (10)

where c is a normalizing constant. Thus Eq. (10) can be
reexpressed as

π(xi |Y0, j ) ∝ R(x j , Y j )π(x j |Y0, j−1), (11)

where

R(x, Y ) = exp

[
ϑ(x) · Y

θ2 −
|ϑ(x) |2

2θ2

]
. (12)

Numerically, given a discrete approximation π
p
j of π(x j |

Y0, j−1), one approximates π(x j |Y0, j ) using Eq. (11) with a
discrete probability measure πa

j as follows. The particles for

πa
j are exactly the same as those for π p

j . The weight wa
j (x j ) of

a typical particle for πa
j is given by the formula

wa
j (x j ) = cw p

j (x j )R(x j , Y j ), (13)
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where c is a normalization constant.
The prediction and filtering steps together then give a

recursive way of computing the approximation πa
j of the

filtering density π(x j |Y0, j ) from πa
j−1. At j = 0, since no prior

information is available, one can initialize the particle cloud by
selecting N states randomly. Thus, at j = 0, πa

j is a discrete
probability measure with equal weights at selected states.

2.3. Resampling

One of the well-known problems with the recursive
numerical scheme described above is that it suffers from severe
degeneracies, especially in high dimensions [13]. Typically,
after a few steps, most of the weight is concentrated on very few
particles, thus drastically reducing the effective sample size. A
common remedy for this paucity of significant particles is to
occasionally resample in order to rejuvenate the particle cloud.
Since resampling introduces extraneous randomness, it is the
key that resampling is not done too frequently. Typically, one
has to do preliminary experimentation to choose a resampling
frequency. Furthermore, to minimize extraneous randomness,
it is desirable to use some variance reduction scheme for
resampling. The rest of this section is devoted to explaining one
such reduction scheme.

For each particle x j in the original discrete distribution
πa

j one takes round(Nwa
j (x j )) copies of x j . This leads to∑

round(Nwa
j (x)) = No particles. One then selects an

additional N − No particles (with replacements) from the set
of particles for πa

j with selection biases given via weights
Nwa

j (x j )− round(wa
j (x j )). We refer the reader to Section 3 for

details. More precisely, the modified scheme works as follows.
Denote the resampling period by α1T . Then for the first α
steps, one computes πa

j recursively as outlined in Section 2.2.
At time instant α, one modifies πa

α by using the resampling
procedure described above. This leads to a set of N particles
where particles with high weights under πa

α are represented
more often than those with low weights under πa

α . The new
set of particles are then given equal weights (i.e. 1/N ) and
the resulting discrete probability measure is relabeled as πa

α .
In general for j , such that (m − 1)α < j ≤ mα, πa

j is
computed recursively as in Section 3 and πa

mα further modified
using the resampling scheme as described above. Thus every
α time steps the filtering measure is adjusted to a uniform
probability measure on N points, avoiding the degeneracy
problems associated with standard PFs.

3. Particle filter schemes for the point-vortex system

The PF scheme described in Section 2.2 (hereafter referred
to as the “standard particle filter”) is broadly applicable
and works well for many nonlinear problems, however, one
typically needs to further tune the scheme for any given
application. This relies on preliminary experimentation to
address specific features of the nonlinearity in the state
dynamics and the signal-to-noise ratio. Recall, our goal is
to estimate the vortices’ locations based on observations of
the passive tracer location. In this problem both systematic
noise (vortex locations and tracer locations experience random
fluctuations) and observation noise (the “true” tracer location
at an observation time is known only up to some error), are
nonnegligible and play a significant role.

In the point-vortex problem considered here, f , the
deterministic component of Eq. (6), is given on (the negative
of) the right-hand side of Eqs. (1)–(3) transformed into the
Lagrangian frame. Thus, in the problem we are considering,
(Eq. (6)) is a six-dimensional system of equations describing
the evolution of the real and imaginary components of the tracer
location and the two vortex locations. In our problem the system
noise is additive and δ-correlated. Thus G(X t , t)dWt = σdη
with variance σ 2 and with dη ∼ N (0, dt I ). The observation
Y j is a vector of the real and imaginary components of the true
tracer location at t j plus observation noise.

The standard particle filter can easily track the hidden states
of this system if the number of particles, N , is large. In practice,
however, we have computational restrictions on the number of
particles to use in the filter. Our goal is to use a relatively small
number of particles and still avoid frequent filter divergence. To
this end, we slightly modify the standard PF scheme.

3.1. Modified particle filter

First, we employ resampling, specifically residual resam-
pling, at each observation time step [14]. For the inter-
observation times (i.e. the specific 1ts that are used in our
study), we find that α = 1, i.e. resampling at each observa-
tion time instant, works well. We further modify the resam-
pling procedure as follows. At time instant t j we start with πa

j
obtained from πa

j−1 and Y j as in Section 2.2. We then consider
only a subset of M particles in πa

j−1 with the largest weights

(e.g. M = N/10) w(k)j ∝ R(ξ (k)j , Y j ), where ξ (k)j is the tracer
location of the kth particle. Henceforth, we will refer to ele-
ments of this subset as x̃ i (k) where k = 1, . . . ,M . For conve-
nience we order {x̃ i (k)} from largest to smallest corresponding
weights. (Note, the whole state vector x j at time t j is modified
in this manner, so x̃ j also contains {z̃i (t j )}, (i = 1, 2).) That

is, w(1)j > · · · > w
(M)
j and we normalize the weights so that

w̃
(k)
j = w

(k)
j /

∑M
1 w

(k)
j . We then sample N particle replicates

from {x̃ i (k)j }. Several particles of the resampled cloud will be
duplicates. Of course, the noise in the dynamics from Eq. (6)
ensures that such duplicate particles at one instant t j will lead
to distinct particles at t j+1.

We use W̃ j = {w̃
(k)
j k = 1, . . . ,M} to decide how many

copies to use for each x̃ i (k)j . Each particle x̃ i (k) will have mk
replicates in the resampled cloud where the value of mk is
determined by

mk = round(w̃(k)j N ). (14)

We adjust m1, . . . ,mM appropriately to ensure
∑

mk = N .
Fig. 2 shows a typical distribution of states in a resampled
particle cloud. A common difficulty in PF schemes is that
occasionally the particle cloud for π p

j will significantly deviate
from the measurement Y j . In such a case the multiplier
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Fig. 2. Typical distribution of weights in a resampled cloud. Horizontal axis —
index of particles chosen from πa

j to reinitialize particle cloud. Vertical axis —
number of particles reinitialized with the kth state.

R(ξ (k)j , Y j ) in Eq. (11), particularly for low values of θ , can

be extremely small for all the particles of π p
j . The resulting

weights might be so small that they numerically sum to zero.
Additionally, if all the weights are very small, i.e. the predictor
π

p
j does not conform with the observation Y j , then one needs

to be careful when resampling. Specifically one does not
want resampling to lead to a cloud with particle replicates of
only very few states. Even if particles are relatively closer to
the observation than the rest of the cloud, they may still be
poor estimates of the true tracer location and should not be
very heavily weighted. A common procedure that is employed
in such situations is that of artificial variance inflation. We
multiply the observational variance parameter by θ2

a > 1 and
use

Ra(ξ
(k)
j , Y j ) = exp

[
2ξ (k)j · Y j − |ξ

(k)
j |

2

2θ2θ2
a

]
(15)

instead of R(ξ (k)j , Y j ) in obtaining updated weights through
Eq. (11). This adjustment of weights avoids numerical
degeneracies.

The PF described above will henceforth be referred to as the
standard particle filter.

3.2. Particle filters with backtracking

In any practical implementation of a filtering algorithm, one
needs to periodically reinitialize the filter; however, where and
how often such a reinitialization should take place is highly
application dependent. For the model studied here, we now
describe some reinitialization procedures that work particularly
well.

In the Lagrangian point-vortex system, particle filters tend
to fail, i.e. poorly track the vortices’ locations if the coordinates
of the particles in π p

j that correspond to tracer locations deviate
significantly from the observed tracer location. Typically there
is a time lag between when such a deviation is observed
and when particle filter begins to track the vortices’ locations
poorly. This behavior is natural since tracer dynamics are more
rapid than the vortex dynamics. One can use this failure-
mode to both identify the time at which the filter estimates
become unreliable and as an indication that a more robust or
Fig. 3. Example of a predictor π p
j deviating from the observation. In this

example δ j = 7×10−6. The small dots are the tracer locations of the particles,
µ j is the predicted mean, Y j is the observation, and ξ t

j is the true tracer
location.

sophisticated filter should be applied. We will explore multiple
PF variations that employ correcting mechanisms when filter
divergence is detected. All begin with the standard PF described
in this section, but when the filter starts to track the observed
states poorly, we backtrack a few steps and reinitialize the filter
as we will describe. We refer to such a PF as a backtracking
particle filter (BPF).

We begin by discussing criteria to define poor tracking.
At time instant t j , we calculate the mean vector µ j
and the covariance matrix Σ j , for the discrete distribution
π

p
j (specifically for the coordinates corresponding to the

observable, tracer location). We define the distance between the
mean and the observation, r j = Y j − µ j , and the discrepancy
factor

δ j = exp[−r jΣ−1
j r ′

j/2]. (16)

When δ j is large (near one) the prior distribution is
deemed to be estimating the observation well. When δ j falls
beneath a small threshold, we implement backtracking. Fig. 3
demonstrates a case where the separation factor δ j is beneath
the threshold. The reinitialization in its basic form amounts
to backtracking to the t j−b instant, where b is the number of
steps we backtrack, doubling the number of particles in πa

j−b
in some manner, and recalculating the filtering distribution πa

k
for j − b < k ≤ j + 1. At t j+1 we reduce the number of
particles back to N and subsequently compute πa

k as before.
An important point is that the backtracking/reinitialization is
implemented rarely and for most of the time steps N particles
are used. We will investigate three variations of the basic
reinitialization procedure described above.

3.2.1. Cloud expansion
In this method if δ j is below the failure threshold, then

we take the first N particles for the reinitialized filter at t j−b
as exactly those particles that constitute πa

j−b. Note, however,
that with different noise realizations these particles will in
general lead to a different set of particles for the “new” next
instant predictor π p

j−b+1. Frequently, this alone corrects for a
discrepancy of the form found in Fig. 3. Occasionally, however,
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different noise realizations alone are not enough. Thus we
select additional N particles by adding independent mean zero
Gaussian random variables (with small variance) to each of the
observed states in the original N particles. The enlarged set of
2N particles is then used to define the reinitialized filter at t j−b,
relabeled as πa

j−b. For the next b + 1 steps, 2N particles are
used and filtering is implemented as described at the beginning
of this section. At the instant t j+1, we return back to N particles
and proceed in the standard manner until the next filtering
breakdown is detected.

3.2.2. Directed doubling
In this method, we once more backtrack to t j−b and

reinitialize πa
j−b. We first consider the “pre-sampling” version

of πa
j−b that is obtained from π

p
j−b by using Eq. (11). We then

look at the M (M = N/10) particles with the largest weights.
For each of these M particles we bias mk particles toward
the observation along the line from the tracer location of the
kth particle to the observation Y j−b. We space the mk biased
particles evenly along this line. To ensure that the mean of the
reinitialized cloud remains the same, for each particle we bias
toward the observation, we bias another an equal amount along
the same line away from the observation. The numbers mk are
chosen in a manner such that the total number of particles is
2N . Subsequently, the filter is computed as in Section 3.2.1,
after reinitialization.

3.2.3. Doubling with perturbed observations
In this method we again begin by backtracking to t j−b,

and reinitialize πa
j−b. In this case, however, we do not

perturb the particle tracer locations, but instead perturb
the Y j−b observation as is often done in Kalman filter

implementations [15–17]. Now we consider Ỹ (k)j−b = Y j−b + θη

where k = 1, . . . , 2N , sampling 2Nηs where η ∼ N (0, I ).
We then use R(x j−b, Ỹ j−b) to compute a new πa

j−b with
2N particles employing Eq. (11). Subsequently, the filter is
computed as in Section 3.2.1, after reinitialization.

4. Simulations and results

As a test of performance of the standard particle filter, and
the backtracking particle filters we described in Sections 2.2
and 3, we perform two types of numerical experiments. In both
experiments we also compare the performance of the different
particle filters to that of the extended Kalman filter. For the first
experiment, we test the different filtering methods dependence
on initial condition by computing failure rates for each filter, for
each initial condition. Note, we use the same initial conditions,
cases 1–4, as shown in Fig. 1. For the second experiment
we test the different filters’ dependence on the time between
observations for one initial condition (case 2), a case for which
the EKF is known to perform poorly [2].

4.1. Experimental setup

As a test of these methods we perform twin identical nu-
merical experiments of the two-point vortex model for one or
more of the initial conditions cases 1–4 in Fig. 1. In every
experiment we run 500 trials. For each trial we simulate one
“true” run of the model. A truth run consists of the vortex and
tracer locations as a function of time from a single numerical
solution (realization) of the model, Eq. (6). For this (and all
simulations of the model) we run the system to Tfinal = 60,
taking Nobs observations. The observation period is then given
by 1t = Tfinal/Nobs. From one observation instant to the next
the states are evolved by a second-order Runge–Kutta (R–K)
scheme with dt = 1/200 [18]. For the truth run, however, we
generate observations at observation instants, t j , by taking the
tracer locations there, ξ(t j ), and adding i.i.d mean-zero normal
random variables to both the real and imaginary parts of ξ(t j ).
That is, Y j = ξ j + θη with η ∼ N (0, I ). For the identical twin
experiment we apply every filtering method to each truth runs
using the same set of observations for each truth run. For each
trial, we assimilate the vortices’ locations from the truth run
with the standard particle filter (PF), with the backtracking par-
ticle filters (BPFs), and with the extended Kalman filter (EKF).

Every filtering scheme consists of a filter prediction and
filter analysis step, for the PFs these are described in detail
in Sections 2.2 and 3.1. To clarify notation, let us define the
filter prediction (denoted by superscript p) and filter analysis
(denoted by superscript a) of the vortex and tracer locations.
Specifically, we have

z p
i (t) =

1
N

N∑
k=1

z p,(k)
i (t), and

za
i (t j ) =

1
N

M∑
k=1

mk z̃ p,(k)
i (t j ) (i = 1, 2),

ξ p(t) =
1
N

N∑
k=1

ξ p,(k)(t), and ξa
j =

1
N

M∑
k=1

mk ξ̃
p,(k)
j ,

with mk as defined in Eq. (14) (recall
∑

mk = N and ξ̃ (k) and
z̃(k) as described in Section 3.1). We will use similar the same
notation for the EKF case, although z p

i (t), za
i (t j ), ξ

p(t), and ξa
j

are computed using the extended Kalman filter as described in
Kuznetsov et al. [2].

In our test system the observation noise has a standard
deviation of θ = 0.02 (see Eq. (7)) and the system noise has
a standard deviation of σ = 0.02 (see Eq. (6) and Section 3).
We use a particle cloud of size N = 400, and in the case of
the backtracking particle filters we use 2N = 800 for the steps
where backtracking/doubling is implemented. We augment the
observational variance by a factor of θ2

a = 50 (see Eq. (15))
when calculating particle weights (this value was obtained by
experimentation and works well for this system) as explained
in Section 3.1. At each observation step, we keep (up to) M =

N/10 = 40 particles from which to resample the next cloud.
For the results presented here, we evolve the system in

the Lagrangian frame directly, but one could easily evolve
the system in the Eulerian frame. For the BPF schemes,
backtracking is implemented when the cloud-observation
discrepancy factor, δ j < .05 as defined in Eq. (16) (and only
at observation times when backtracking has not been applied
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Table 1
Experiment results comparing five different particle filters and the extend Kalman filter

0.3 − 0.6i 1 − 0.6i 1 − i 2.4 − 2.4i

Standard PF 7.8%, na 3.0%, na 4.6%, na 12.0%, na
Standard BPF w/doubling 6.4%, (6.4) 2.6%, (3.7) 2.6%, (6.0) 9.6%, (7.3)
Cloud expanding BPF 0.4%, (5.3) 0.2%, (3.1) 0.2%, (5.4) 4.0%, (6.4)
Directed doubling BPF 0.4%, (5.4) 0.0%, (3.2) 0.0%, (5.5) 4.8%, (6.4)
Perturbed observation BPF 1.6%, (4.1) 1.6%, (2.3) 2.0%, (4.2) 7.0%, (7.1)
Extended Kalman filter 4.6%, na 78.2%, na 0.6%, na 2.0%, na

(Note that the standard BPF with doubling reinitializes πa
j−b when a cloud-tracer discrepancy is detected with the same weights and particles, except with an extra

copy of each particle.) Failure rates are the first number listed and correspond to the initial tracer location and the assimilation method. Also listed, in parentheses,
is the average number of times backtracking is implemented, Cavg, for each BPF in each experiment. Note, Cavg

� Nobs in all cases.
previously). When backtracking is employed, the system is
reinitialized at the j − 2nd time instant, i.e. b = 2.

Recall in the cloud expansion scheme, we bias the cloud
particles using i.i.d. normal random variables with mean zero
and standard deviation based the distance of each particles’
tracer locations from the observation. This criteria for choosing
the standard deviation of the expanding perturbation is scaled
by the distance between observation and the mean of particle
cloud, r j = µ j − Y j , (as previously defined in Section 3.2
where µ j is the mean of the predicted tracer distribution), up
to some maximum that is proportional to the observation error.
Specifically, the standard deviation is given by min(6θ, |r j |),
if the tracer is not near a vortex (|z p

i (t j ) − µ j | > 0.3), and
min(3θ, |r j |) if the tracer is near a vortex estimate (|z p

i (t j ) −

µ j | < 0.3). We make this distinction because we do not want
to perturb particles near a vortex so much that we introduce an
artificial singularity (i.e. for some k, ξ (k)j = z p,(k)

i (t j ) where
i = 1, 2). Such a criteria is reasonable, but one could imagine
other criteria that would also work well. We should emphasize
that the noise added in this scheme is only added to the tracer
locations (observed state variables) and not to the vortices’
locations (hidden state variables).

Of course, since we know the true vortices’ states (denoted
by superscript t and exactly the hidden states that we would
like to infer if we applied a PF to a physical problem) we
can directly measure how well the different filters are tracking
the hidden states. As a test of performance we define a failure
metric. The distance between the true vortex locations and a
filter’s predictions and analyses of vortex locations is given by
dm

i (t) = |zt
i (t) − zm

i (t)|, where i = 1, 2 and m = p for
prediction or m = a for analysis (again we use the shorthand
da

i, j = da
i (t j )). We will refer to d(t) as the (prediction or

analysis) error. We deem that the assimilation has failed if,
for either vortex, da

i, j > 1 at any observation time t j during
assimilation. In these experiments for each trial (i.e. “truth
run”), we keep track of how many times backtracking is used
by individual BPF schemes during assimilation, denoting this
count as Ci (i = 1, . . . , Ntrials). We then calculate the average
of this count, Cavg, over the 500 trial.

4.2. Numerical results

4.2.1. Filter dependence on initial condition
In this experiment we have Ntrial = 500 “truth” runs for

each of the initial conditions in cases 1–4, and we apply all
the PF methods described in Section 3 and the EKF. For this
experiment we use an observation period of 1t = 1. The
results of this experiment are listed in Table 1. The PF and
BPF methods have relatively low failure rates (<15%) for all of
the initial conditions. With the exception of case 4, the directed
doubling and cloud expansion BPFs significantly outperform
the EKF. This is likely because the transition probability
density, p j (x j |x j−1), used by the particle filters captures the
nonlinearity of Eq. (6). Also, with the addition of occasional
backtracking, doubling, and particle perturbation, these BPF
methods avoid the filter divergence typically experienced by
standard PF (i.e. instances when the cloud pulls away from the
observation). Recall, with an unlimited number of particles, PFs
applied to the point-vortex system would not diverge. These
reinitialization schemes enable PFs to overcome divergence due
to the discrete approximations of the system’s states without
significantly increasing in the number of particles needed
throughout assimilation.

For case 4, (ξ(0) = 2.4 − 2.4i), the EKF outperforms all
the PF methods. Note, as can be seen in Fig. 1, this is the
case when the tracer is far from the vortices. In this case, the
influence of noise-induced vortex drift on the tracer motion
is insignificant. Thus observations of the tracer do not lend
much insight into the vortex motion; hence, PFs struggle with
assimilation of point-vortex systems with tracers that have this
initial condition. The EKF also performs well in the other cases
with the exception of case 2, (ξ(0) = 1 − 0.6i), where its failure
rate is extremely high. In this case the EKF diverges due to
the fast tracer rotation [2] while the PFs are able to handle this
case naturally. It is worth noting that, for initial condition case
2, backtracking is needed infrequently for the BPF schemes
as shown in Table 1. We can monitor the performance of an
assimilation scheme between observation times (t j < t <

t j+1) by calculating error, i.e. the distance between the true
hidden states (vortex locations) zt

i (t) and the filter’s prediction
of vortex locations, z p

i (t), i = 1, 2. In Fig. 4 this comparison is
demonstrated for initial condition case 1, ξ(0) = 0.3−0.6i, with
observation/resampling period of 1t = 2.0. (Note, the results
for only one of the two vortices are plotted.) For this experiment
we use Ntrials = 100 and average d p(t) and da

j over these trials.
For the case the EKF has a 21% failure rate while the standard
PF has a 6% failure rate. When the EKF diverges, there tends
to be large jumps between the predicted error and the analysis
error. Note also, when an EKF diverges these errors can grow
quite large (d(t) > 5) and tend to grow larger as time increase.
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Fig. 4. Plotted above is the average (over 100 trials) d p
j (t) for each assimilation

method versus time. The EKF and standard PF are labeled. The other
lines, which overlap significantly, correspond to the cloud expansion, directed
doubling, and perturbed observation BPFs.

Fig. 5. Each line above represents the predicted error, d p(t), for a different
assimilation scheme (the EKF and each PF scheme). The triangles plotted on
top of each PF curve represent the corresponding error, da

j , between the filter
analyses and the true vortex states (note, these are plotted at observation times).
The standard PF and the EKF have failed in this case, i.e. their errors exceeds
1, while the BPFs (whose lines overlap) all performed well.

A specific instance of this behavior is plotted in Fig. 5. This
kind of behavior accounts for the linear trend in the average
EKF error curve plotted in Fig. 4.

In contrast, for PFs the predicted error and analysis error
tend to grow together when the filter fails. Once the filter
diverges, the particle cloud (typically) no longer conforms well
to the observed tracer locations. That is, none of the particles in
the cloud are good estimates of the observable state variables.
Thus the filtering step losses its mechanism to distinguish the
particles that are good estimates of the hidden state variables
from those that are poor estimates. The filtering/resampling
step will still select a subset of the particles to run through the
dynamics and use as predictions at the next observation time,
but effectively observations no longer inform this decision. It
is as if we are making predictions based on the particle cloud
without assimilation. Note that the error in cases where PFs
diverge does not experience the same sort of growth that it does
when the EKF diverges. Fig. 5 shows a specific case where the
standard PF failed in this manner, but the BPF methods were
successful at tracking the vortex locations.

4.2.2. Filter dependence on observation period

As a second test of these methods we simulate the point-
vortex model with the initial tracer location ξ(0) = 1 − 0.6i.
This is a case where the EKF performs quite poorly (see
Section 4.2.1 and Table 1) and the goal of the experiment is
Fig. 6. Failure rate versus observation period for an experiment comparing
the different assimilation methods for a point-vortex system with an initial
condition of ξ(0) = 1 − 0.6i. The curves are labeled according to the
assimilation scheme implemented.

Fig. 7. Plotted above is the product of the average backtracking count and
the observation frequency versus the observation frequency for the BPFs. The
quantity Cavg1t ∝ Cavg/Nobs.

to test the performance of each assimilation method based on
the frequency of observations.

In this experiment we vary the observations period 1t from
1t = 0.4 to 1t = 12, again with a time step of dt =

1/200 between observations. For each sampling period 1t we
perform 500 trials and calculate the filter analysis error, da

j ,
i.e. the distance between filtered vortex estimates and the true
vortex values. We use same failure criterion as the previous
experiment. The results of this experiment are plotted in
Fig. 6.

It is remarkable that all of the PF methods achieve relative
low failure rates even as the observation period gets very large.
This plot in particular demonstrates the effectiveness of PFs
over EKFs in assimilation of this strongly nonlinear point-
vortex system. As anticipated, the EKFs performance improves
as the observation period gets small. It is also worth noting that
all the PFs implemented in this experiment (standard, directed
doubling, cloud expansion, and perturbed observations) see
minimum failure rates with sampling periods between 2 ≥

1t ≥ 1. At first glance it might seem counterintuitive
that the PFs’ performance decreases as the sampling period
decreases from two towards zero (i.e. as Nobs gets large). This
phenomenon is likely due to resampling at every observation,
keeping α = 1 (recall, the resampling period is α1t) regardless
of 1t . That is, when there are many observations, a small
resampling period is unnecessary, and in this case, detrimental
to the performance of the particle filters since the resampling
procedure adds spurious noise to the system approximations.

We can further study the relationship between observa-
tion/resampling period and the efficiency of BPFs. In Fig. 7
we consider the ratio of the average number of times back-
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tracking is implement Cavg(1t) to the number of observations.
Here we see that the BPFs for this system are most efficient, re-
quire the fewest instances of backtracking per observation, for
2 ≤ 1t ≤ 3. It is particularly interesting to focus on the per-
turbed observation PF. Recall, for this BPF, the cloud itself is
never perturbed (as it is for the other BPFs). For the observation
period1t = 2, this BPF applied to the two-point vortex system
is both efficient and achieves a low failure rate. This suggests
that this observation period is enough time to allow the random
dynamics to spread cloud sufficiently so frequent reinitializa-
tion is not needed. With this period the cloud does not disperse
too much, however, so it still adequately approximates the true
system and thus achieves a low failure rate.

In contrast for small 1ts, the cloud does not have much
opportunity to spread before it is resampled and too frequent
resampling deteriorates filter performance as mentioned
previously. As filter performance decreases, backtracking will
be implemented more frequently in an attempt to overcome
poor filter performance. As one can see in Fig. 6, frequent
backtracking with cloud perturbation can still achieve very low
failure rates although it becomes computationally expensive.
At the other extreme of very large observation periods,
performance is limited by the discrete nature of the approximate
posterior distributions. For long observation times the particle
cloud can spread significantly between observations. This
effectively reduces the number of particles that has an accurate
approximation of the true state at any observation time.
Naturally, since the filter performance deteriorates in this case,
backtracking will be implemented more frequently for large1t
as seen in Fig. 7.

In summary, the backtracking particle filters introduced in
this paper and applied to the two-point vortex system are an
effective assimilation tool for this complex nonlinear system.
The cloud expanding BPF and the directed doubling BPF
both achieved lowest failure rates (for nearly every case)
in the experiment testing dependence of initial condition. In
the experiment testing dependence on observation period, all
particle filter methods outperformed the EKF.

Typically, for a given application, any data assimilation
method requires some application-specific tuning to perform
well. The ideas we introduced here for particle filters in the
context of the point-vortex model — specifically backtracking
to a previous observation time t j−b, reinitializing the filter,
doubling the number of particles, and running assimilation
forward until t j — are effective at overcoming filter divergence,
and general enough to be applied to other nonlinear physical
systems.
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