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Abstract

Contaminants within groundwater move in the subsurface depending upon the physical
and chemical nature of the contaminant and the physical and chemical characteristics of
the aquifer in which the groundwater is located. In this study, nontoxic amounts of the
nonlinear adsorbing solute lithium was traced over a three-year period in a sand and
gravel aquifer, which has had both chemical and physical characteristics documented in
previous studies, located in Cape Cod, Massachusetts. The lithium data is compiled into
spatial moment representations, using a trapezoidal integration technique along with a
Delaunay triangulation scheme, in order to quantify plume characteristics throughout the
experiment. Comparisons are made between the results of this study to that of a study
completed in 1987, which used slightly different methods to quantify the data over time.
Quantitative sets of equations are then derived using a Gaussian Plume model
approximation as well as a Saturated flow approximation in order to attempt to model the
spatial moment changes over time. Results are shown for the derived spatial moment

equations and the results of the comparison between model and field data.
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Chapter 1: Introduction
1.1Preface
As groundwater moves in the subsurface, contaminants within the water can
adsorb to soil pores based upon both the physical and chemical properties of the
aquifer in which the groundwater is located. The rate at which sorption, the process
by which a material adsorbs to soil pores, is typically represented by an adsorption
isotherm determined through laboratory experiments (Buergisser et al, 1993).
These isotherms describe the amount of solute sorbed to the total amount in
concentration at a constant temperature. Adsorption isotherms can be both linear
and nonlinear in nature depending upon the chemical nature of the adsorbent. For
the purpose of this experiment, the structure of a Freundlich isotherm (Freundlich
1906) has been assumed based on a previous study (Garabedian 1987). The
adsorption isotherm used during this experiment can be seen in Equation 1.1 where
S is the mass sorbed, K is the Freundlich coefficient, C is the mass in solution, and N
is the adsorption coefficient.
S = KgCV (1.1)
Quantitative models are used in science today to predict everything from the
weather to population based income changes; subsurface hydrology can also make
use of these models. In this experiment, a large-scale natural gradient tracer test is
analyzed in an effort to model the nonlinear movement and decay of a controlled
contaminant injected into the soil. Field data collected throughout the duration of
the test, described in section 1.2, is analyzed and compared to a numerical model

derived to test the lifetime changes of contaminants injected during the tracer test



and the reliability of the quantitative model. Calculations from data collected in the
field are made of total change of mass, the location of the center of mass over time,
and the variance of the contamination plume around the center of mass. The
calculated values are then compared to a previous study that calculated the same
values using a different technique. Using the quantitative model, described in
section 2.2, attempts are made at predicting changes in the plume characteristics
over time. Finally, concluding remarks are made and suggestions for future work

and improvements are provided.

1.2 Test Description

A large-scale tracer test was conducted over a three-year period beginning in
July 1985, in which three chemical contaminant solutions were injected as a pulse at
a source location and the three-dimensional transport and dispersion of the
contamination plumes were monitored. These contaminant solutions contained
nontoxic amounts of bromide, a nonreactive tracer, lithium and molybdenum, both
reactive tracers (LeBlanc et al. 1991). This paper will look at the transport and
dispersion of the lithium plume in order to gain a better understanding of the
processes controlling nonlinear adsorption. Through lab experiments, it has been
shown that solutions containing lithium compounds adsorb to soil pores nonlinearly
during subsurface groundwater movement (Stollenwerk and Kim, 1990; Wood et al.
1990). While lithium solutions undergo sorption, solutions containing bromide
move linearly through the subsurface while not adsorbing to the soil and thus act as

quality groundwater tracers (Garabedian 1987). For the purposes of this



experiment, the bromide data will be used to estimate the total groundwater
velocity and as a movement comparison to the lithium plume.

The tracer test was completed on the western part of Cape Cod,
Massachusetts, near Otis Air Base, at an abandoned gravel pit in which the
experimental groundwater plume could remain unobstructed throughout the
duration of the experiment. The location of the site can be seen in Figure 1 below in
which the hatched area represents the test site and the dashed line is the water
table altitude in meters. Known concentrations of the bromide, lithium, and
molybdenum solutions were injected at a single injection site during a 24-hour
period. Bore holes were dug south and east of the injection sites, as seen in Figure 2,
where concentration measurements could be made at multiple levels, shown in
Figure 3, throughout the hole. A comprehensive description of the test site and

measuring techniques can be found in Leblanc et al. 1991.

Figure 1, From Leblanc et al. 1991
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Figure 2, From Leblanc et al. 1991

Figure 3, From Leblanc et al. 1991
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1.3 Groundwater Movement Kinetics

The movement of water in the subsurface has several driving forces that
determine the ability to flow and the flow rate of groundwater. The hydraulic
conductivity, or the permeability of the aquifer, is often highly spatially variable

within a single aquifer (Gelhar 1993)(Sudicky, 1986). The spatial variability of the
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hydraulic conductivity arises from large heterogeneities within an aquifer. These
heterogeneities can be physical in nature, such as changes between sand and gravel,
or they can be chemical in nature, such as having different sorption properties. In
this study an aquifer-wide estimated hydraulic conductivity was used (LeBlanc et al.
1991). Along with an aquifer-wide hydraulic conductivity, aquifer scale porosity has
been calculated to determine the amount of void space within the aquifer
(Garabedian 1991). The movement of groundwater is based upon Darcy’s Law and

Fick’s Law.

dh (1.2)
q: = —Ki; <—>
7\dx;

dc (1.3)

Darcy’s Law, Equation 1.2, describes the flow rate, q;, of a fluid though a
porous medium depending upon the hydraulic conductivity, Kj, and pressure
gradient, (dh/dx;), present in the medium. Fick’s Law represents the diffusion, Dy, of
a substance, (dc/dx;), over time in a particular direction. This study assumes a fully
saturated flow pattern throughout the duration of the test; therefore all equations

presented are shown in terms of saturated flow.

1.4 Moment Definition

Three-dimensional representations for groundwater plume characteristics
can be defined by spatial moments. Spatial moments define characteristics of
groundwater plumes such as, total mass in solution (zeroth moment), center of

mass (first moment), variance about the center of mass (second moment), and
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skewness of the groundwater plume (third moment). Changes in spatial moments
over time represent the movement characteristics of a groundwater plume. For a
sorbing solute such as lithium, over time the zeroth moment decreases in time as
mass sorbs to soil pores. The first moment increases at a slower rate than a non-
sorbing material as retardation typically occurs due to the sorbing process, which
slows the overall movement of the plume. Finally the second moment increases at a
faster rate due to the sorption process increasing the spread of the plume. Examples
of these can be seen in Figure 4, which illustrates three comparisons between
bromide, on the right, and lithium, on the left, during the tracer test. The lithium
plume spreads over the direction of flow during the test, while the bromide plume
remains in a concentrated ball as it moves with the groundwater. The movement
speed can also be seen to be much slower within the lithium plume as the sorption
process is occurring, whereas the bromide plume is located nearly 200 feet ahead of

the lithium plume after 461 days of the test.

Figure 4.
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Chapter 2: Methodology

2.1 Moment Calculations of Field Data
Using the Lithium concentrations taken over the duration of the tracer test,

the spatial moments can be calculated by using a trapezoidal integration scheme,
which will be applicable to all spatial moments with slight exponential variations for
higher order moments. This was applied at all unique points within a Cartesian
coordinate system using Equation 2.1 below where Z represents the z-coordinate of
each unique point and the associated concentration of solute at each point and the
exponent n represents the moment being calculated (0,1,2,3).

1
In=(Z;—Zy) * 5 [(concentration, * Z™;) + (concentration, * Z";) (24)

Once all of the integrals have been calculated we are left with an irregular
gridded data set in which a particular point gives the vertical concentration. In order
to calculate the total concentration we must apply a grid to the data and find the
area of the grid. Due to the irregularity of the points, a Delaunay triangulation
approach was used to create the three-dimensional mesh. Delaunay triangulation is
process by which a surface of triangles is created in either two or three-dimensional
space with a given set of points (Delaunay, 1934). A two-dimensional Delaunay
triangulation ensures that the circumcircle associated with each triangle created
contains no other point in its interior. With a mesh grid making up the new “surface”
of the concentrations we can now find the area of each triangle using the shoelace
formula for finding the area of a triangle in an x-y plane as seen in Equation 2.2.

1
area = 5 (g = x)Vp — Vo) — (X — x5) Ve — V) (2:)
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Multiplying the area of each triangle by the average concentration (I,) of each
vertex and summing over the entire mesh results in the value for the specific spatial
moment being calculated in a non-porous media. Multiplying by the porosity of the
aquifer, in this case 0.39, results in the final spatial moment.

2.2 Mathematical Moment Derivations

Creating a quantitative model for nonlinear moment analysis makes use of
several governing equations. The use of these governing equations allows for a
reasonable starting point in order to eventually derive quantitative relationships to
the time sensitive rates of changes of several spatial moments. The following
derivation takes a look at the solute transport equation and its transformation to
spatial moment analysis, as well as the governing equation for a solute undergoing
nonlinear sorption. The derivation follows closely with derivations completed
during a previous study (Miralles-Wilhelm 1993).

2.2.1 Manipulation of the Solute Transport Equation (Zeroth Moment)
Equation 2.3 represents the governing equation for spatial moments for a

groundwater plume undergoing nonlinear sorption. The coefficients i and k
represent the (x,y,z) coordinate and the specific spatial moment being solved
respectively.

- (2.6)
Mg (t) = fff nx;*C(x,y,z t)dxdydz wherei = 1,2,3and k = 0,1,2,3
From the governing equation the general form of the zeroth, first, and second spatial
moments can be defined below. Similar expressions can be made for spatial

moments in the y and z directions.
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Mo = [f|~ nC(x,y,2z t)dxdydz (2.7)

M, () = fﬁnx C(x,y, 2, t)dxdydz (2.8)

- (2.9)
M, (t) = fffnxz C(x,y,zt)dxdydz
Solute transport for nonlinear sorption can be represented by a second governing
equation.

ac (2.10)

k9 k0 k0
x5+ ppS) = —x (q:0) + 2" 5—[Dyj 5]
j

b oox; b oox;

The solute transport equation can now be integrated through space with k=0 in

order to obtain the solute transport for the zeroth moment definition.

o 3 (1 = (2.8.1)
— (nC)dxdydz = — nC dxdydz but M, = nC dxdydz so
ﬂfat(C)ddd 6tfff C dxdydz but M ﬂf C dxdyd
M, dM,
ot dt
(2.8.2)

o) p P 0 oy
ﬂ‘fa(pr)dxdydz = &ﬂ‘f ppS dxdydz but Mg = fff PpS dxdydz so

Mg dMg
9t dt
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9 9 ac (2.8.3)
ff (— a_xi(qxc) *tox [D;; a]) dxdydz

i 1. ac
= — ff[—xC]‘fwdydz+ ff [Dija] dydz = 0

The resulting equation leads to the general understanding that the total mass is the
combination of the amount still in solution and the amount that has undergone

sorption.

dM, = dMs 2.9
ot =00r My + Mg = My (29)

2.2.2 Manipulation of the Solute Transport Equation (First Moment)
Following the same procedure as before, the solute transport equation can be

manipulated to obtain the transport for the first spatial moment definition.

ac (2.10)

d 0 0
xa(nC +ppS) = —x=—1(q;C) +x_[Dij£]

0x; dx;
With k=1, a spatial component is now introduced and once again the solute

transport equation can be integrated through space.

A P dM, (2.11.1)
ﬂ‘fxa(nC)dxdydz = aﬂ‘f xnC dxdydz = It

VA P (2.11.2)
ﬂ‘fx&(pr)dxdydz = pbaﬂ‘f xS dxdydz

17



fﬁ —x;—x(qu)dxdydz = — fT dydz fxaa_x(%c)dx (2.11.3)

— 00 —00

[o¢]

= — ff dydz [—f q,C dx]Z.

— 00

Combining the final two integrals in the above equation yields

- q (2.11.4)
qx fff C dxdydz = ZXMO =V.M,
Analyzing qy by the same methodology shows that
fﬁ 0 (4,C)dxdydz = ﬁdd fa( C)d eA)
xayqy xdydz = xdxdz ayqy y
= — ff xdxdz [qu]o_ooo =0
By the same analysis we can see that for g
(2.11.6)

(0
fff —xg(qzC)dxdydz =0

The third term in the solute transport equation can now be integrated through

space
h ° ac (2.11.7)

9 ac 0

— 00

Integrating with respect to x first shows that

18



[oe]

ff dydz fx aax [ sl ] " (2.11.8)

— 00

[0¢]

ac aac
= ff dydz [anxxE— anxxde]_Oo =0

Following the same method for y and z yields
(2.11.9)
ff (xay yya ])dxdydzand ff (x ZZa ])dxdydz—O
Combining the three previous solutions and applying the same process for the x and
y components of the first spatial moment yield a differential equation for the

changes in the center of mass of a groundwater plume over time.

dMlx 9 oy o g dody — Vb (2.12.1)
dt +pb atfffx xayaz = Vil

dMly 9 2 ¢ e dvdy — UM (2.12.2)

T*‘Pbaﬂf}’ xayaz = V,M,

M, (2.12.3)

It pbatfffzdedydz— V,M,

2.2.3 Manipulation of the Solute Transport Equation (Second Moment)
The second spatial moment can now be evaluated with k=2.

a _ ac
2y 254 (2.13)

)
5 (q:0) + x? ox,

za(C+ S) =
X et T Ppe) = a

Integrating the solute transport equation unique for the second spatial moment

through space and by parts leads to

fff 29 (nC)dxdyd —ifﬁ 2nC dxdydz = H2x S
x? — (nC)dxdydz = = ||| x*nC dxdydz = —~
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T 2 0 a T 2
X a(pr)dxdydz =P, x*S dxdydz

[00] [ee]

" 9] 9]
—y2 = — 2
ﬂf Xt (q,C)dxdydz ﬂ dydz f Xt (q.C)dx

— 00 —00

= — ff dydz [—foqu dx] s

Combining the final two integrals in the above equation yields

[oe]

_2x
24, x Cdxdydz = TMlx = 2V, M,

— 00

Once again we can analyze qy and q; by the same methodology

(00} 0]

(f .0 9
fff —xza(qu)dxdydzz — ff x2dxdz fa(qu)dy

—00 — 00

[ee]

= — ffxzdxdz [qu]o_ooo =0

— 00

By the same analysis it can be seen that

f .0
—y2 =
fff Xt (q,C)dxdydz = 0

Integrating the third term in the solute equation yields

[0¢] oo

fff(xzi[n D--a—C]) dxdydz = ff dydz f(xzi[n D--a—C])dx
ox; Y ox; 0x; Y ox;

— 00 — 00

After integrating through by parts we obtain

(2.14.2)

(2.14.3)

(2.14.4)

(2.14.5)

(2.14.6)

(2.14.7)
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[ee]

® (2.14.8)
ffdydz fxza[n xx 5 ]dx

—00

[oe]

5 ac ac
= ffdydz [x anxE—foanxde]_OO

— 00

- 2 ac (2.14.9)
= —2nD,, ffdydz fxadx

— 00 — 00

[0¢]

= —2nD,, ffdydz [xC — dex]o_ooo

— 00

- (2.14.10)
= ZDXXﬂ‘fnCdxdydz =2 D,, M,

—o00
At high order moments, the local dispersion terms must also be evaluated. Here Dyy

is analyzed,

oo

ﬂf( ai yya ])dxdydz— ﬂxz dxdzZ%[ 5 ]dy—o (2.14.11)

— 00

Therefore by the same analysis we can find that for D,

(2.14.12)
ff (x ZZa ])dxdydz—O

Combining all solutions into differentials for the second spatial moment it can be
seen that changes in the variance about the center of mass of a ground water plume
is dependent upon the velocity in the given direction, the first spatial moment, and

the local dispersion term.
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dM,, 9 - , (2.15.1)
+pb—fffx Sdxdydz = 2V,M;, + 2D, M,
dt at
dM,, 9 - , (2.15.2)
—+pb—fffy Sdxdydz = 2V,M,, + 2D,,, M,
dt at
dM,, (2.15.3)

a oo
T-}-,C%afff ZZSdXdde = ZVZMlz + ZDZZMO

2.2.4 Zeroth Moment Mathematical Derivation

Using the derived equation for total mass in solution, a relationship can be
used that relates the amount of sorbed mass to the mass in solution by a Freundlich
constant, Kr, which notes the likelihood of a solute to adsorb to soil, and a
dimensionless exponential adsorption coefficient, N. Taking the integral through
space and applying previously derived equations, the time dependent changes of
spatial moments can be derived.

3 3 (2.16)
fffxidexdydz = KpfffxikCNdxdydz

vt s
A Gaussian Plume approximation, which assumes that as a solute plume propagates
through the ground it remains Gaussian in shape, is used to simplify the integration.
The Gaussian approximation for a three-dimensionally moving plume is defined
below. This approximation can then be substituted into Equation 2.16 and

integrated over time.

@-v? -1 (-0 (2.17)
MO e 4Dt 4Dz,t 4D33t

n (4nDy,t) /2(47D,,t) /2 (41 Dyst) /2

C(x,y,z,t) =

22



Defining a constant, A, and making use of U-Substitutions, the Gaussian

Approximation can be simplified further to provide easier integration.

M, N
A=| 1 1 1 1
n (4nD,,t) /2(4nD,,t) /2(4mD45t) /2
2 4
Nz2(x = V.t Dt 1
y, = VO RO "1) dx = (—)2dU;
(4D, t)2
1
Nz(y =Vt 4D,,t 1
y, = OB dy = (—292dU,
(4Dy,t)2
2 4
N2(z—-V,t Doot 1
Us = (—21) dz = ( 1;3 )2dUs3
(4D33t)2

[00]

KpfffCNdxdydz

—00

ADyyt 1 4Dyt 1 4Dyt 1 (]
— KA (R0 [[[ ettt avdu,auy

(2.18.1)

(2.18.2)

(2.18.3)

(2.18.4)

(2.19)

The triple integral works out perfectly to a total of 3/2 and can then be substituted

into Equation 2.9 for M;, or total mass adsorbed.

1 1 1
3 (4D11t\2 (4D,,t\2 (4D33t\2
2 =
M°+p”KFA”<N><N><N> My
Rearranging terms and substituting for A leads to
Pp KMo 1-N
My + ————[(4nDy,t)(4mDy,t) (4mD33t)] 2 = My
Nz nVN

Defining a new constant, B, allows for simplification of Equation 2.21.

(2.20)

(2.21)
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PrKrp 1-N
B = ———[(4nDy,)(4mD;;)(4nD33)] 2

Nz nN

(2.22)

Substituting in B to Equation 2.21 and dividing through by Mr gives the relationship
of the mass in solution to the total mass. It can be seen from the equation below that
at the initial time, t=0, the ratio of mass in solution to total mass is equal to 1 which

verifies the previously derived equations on a mathematical basis.

M, B M,

(2.23)
J— + _ (—
My MV (MT

)Nt%(l_N) — 1

2.2.5 First Moment Mathematical Derivation
The first spatial moment relationship can now be derived with k=1 in

Equation 2.16

o o (2.24)
fffodxdydz=KpfffxCNdxdydz

Using the same technique that was used for deriving the zeroth moment, the first

moment can be easily derived.
- (2.25)

KFfffxCN dx dy dz

—00

4Dy t 1 4Dyt 1 4Dyt 1 ([
— KA (R0 [[[ xemt et dudugau

Including the new (x,y,z) component into the calculation complicates this slightly

and adds an additional step

[ee]

o (2.26)

4D t 1 4Dyt 1 4Dgst 1 r
Mz (222 (—2)2 fe—UzszZ fe—Ussz3 fxe—'flzdu1

N

KrA( N N

—00 —00
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The first two integrals lead to the square root of  while the final integral leads to

oo 1 (o]
4Dy 0\ ) » (2.27)
f[( >U1+Vx]‘1dU1 thfe_ldUl

N

Combining the previous answer with the answers from the previous line yield

M -N 2.28
M[(4nunt)(4nnzzt)(4n033t)] 2 Vit (2.28)

Nz nN
Recalling from earlier derivations that the solute transport equation was found to
be the equation below, the triple integral can now be replaced with what has just

been derived.

My, o (212.1)

T +pbatfffx5dxdydz— V.M,
dM,,  p,K v d 5-3N 2.29.1
o P (D, ) (4D ) De)) 7 Yy o My | = vy B

N2 nhN

Taking the time derivative of the last term on the left side of Equation 2.29.1 leads to

d 5-3N 5-3N dM, 5—3N 3-3N (2.29.2)
MVt 2 NM,V-1t 2 0 MVt 2
dt[ 0 ] 0 ac T2 Mo
Find the time derivative of the zeroth moment leads to
3—3N
My +BM"t 2 = M, (2.29.3)
dM, no1,33NdMy 3-3N _  1-3N (2.29.4)
t 2 BM,"t 2 =0
dt a2 0
3-3N 3—3N 1-3N 2.29.5
14+ NBM,""'t =z ]z - BM,"t = ( )
dt 2
3—3N 1-3N 2.29.6
aM, — S BMMt (2:25.)
dt _, 33N

14+ NBM," "'t z
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Substituting back into Equation 52, the time derivatives of the first spatial moment
can be found in the (x,y,z) coordinate system. To proceed with solving the time
derivate of the first spatial moment, backwards Euler integration is needed in order

to solve the integration.

3 _
dM, [5 —3N 323N 7(1\/ - NZ)BMOZN 1t3_3N] (2.30.1)
“ g 1+ NBM," "'tz
3 _
dMy, 5-3N ,33v 5(N-— N2)BM,*N 133N (2.30.2)
dt = WMo — 1Bl 2 Mo"t 2 = v_q 33N ]
1+ NBM, 't 2
3 _
aM,, 5—-3N , 33N 7(N — N2)BM*N~1¢3-3N (2.30.3)
it VoMo — V2B 2 Mot 2 = e

14+ NBM," 'tz

Chapter 3: Results

3.1 Field Data Comparison
By using the method described in section 2.1, spatial moment analysis can be

conducted for the data from the field experiment. These values can be compared to
those of Garabedian 1987 in which a similar approach to calculate spatial moments
was applied.
3.1.1 Lithium Data

Below, in Table 1, a comparison of the zeroth, first, and second moments of
lithium can be seen between this study and the Garabedian 1987 study. Small
variations in zeroth moment calculations arise due to changes in triangulation
schemes performed. These changes are slightly compounded at higher moments,

thus leading to small variations between studies for the first and second spatial
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moments. For the zeroth moment calculation, there is an average percentage change
of +8.5% when comparing this study to that of Garabedian, however when the
values from day 111 are considered there is only a +6% increase in values. The
author has decided that the values from day 111 in the Garabedian study may be an

erroneous outlier, thus allowing for the exclusion in the difference calculation.

Table 1.
Lithium Zeroth Moment (Concentration (g))
Days after Injection | Garabedian | Current Study | Percentage Change

13 366 380.60 3.99
33 415 414.83 -0.04
55 343 341.36 -0.48
83 248 248.52 0.21
111 158 234.84 48.63
139 186 190.40 2.37
174 108 138.80 28.52
203 144 166.13 15.37
237 121 130.99 8.26
273 89 94.47 6.15
315 65 67.95 4.54
349 60 61.33 2.22
384 67 70.82 5.70
426 26 25.98 -0.08
461 56 63.84 14.00
511 61 63.36 3.87
657 37 37.47 1.27

Looking to the comparisons for the first and second moments in Tables 2 and
3 respectively, it can be seen that the values derived from this study compare very
well to those of Garabedian. There once again seems to be an erroneous value for
the final observation of the Garabedian values, as the first moment, the location of
the center of mass, actually becomes closer to the site of injection by 70 feet in the y-
direction. As with the zeroth moment values, the author believes this value can be
regarded as a potential calculation error. The movement of the Lithium plume is
predominantly in the negative y direction, as can be seen from the first moment

data. Difference in the y position of the center of mass, after removing the final day
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of data, leads to a difference of 1.8% between studies. The second moment data
shows very similar differences between studies with only a 0.38% difference after a

potential erroneous data point is ignored on the 111t day.

Table 2.

Lithium First Moment Comparison (Center of Mass Location (ft))

Garabedian Study Current Study

X Y Z Days after Injection X Y Z
1.9 -19.5 | 40.2 13 1.7 -19.7 | 40.2
6.7 -43.7 | 39.2 33 6.5 -43.5 | 39.2
7.7 -64.7 | 37.7 55 7.4 -64.5 | 37.7
13.5 | -91.5 | 37.0 83 13.1 | -91.3 | 37.0
21.6 | -136.3 | 36.6 111 19.8 | -121.5 | 36.6
229 | -147.5 | 36.3 139 23.2 | -147.1 | 36.3
26.0 | -172.3 | 36.1 174 24.6 | -160.5 | 36.2
26.4 | -183.7 | 35.3 203 25.7 | -178.2 | 35.3
26.1 | -196.0 | 34.7 237 25.8 | -192.7 | 34.8
25.4 | -195.9 | 34.7 273 25.2 | -191.6 | 34.7
27.8 | -205.7 | 34.8 315 279 | -204.3 | 34.8
31.2 | -226.4 | 34.5 349 31.4 | -225.9 | 34.5
28.7 | -205.7 | 34.7 384 28.9 | -202.9 | 34.7
37.7 | -281.3 | 33.6 426 37.6 | -281.2 | 33.6
30.2 | -223.2 | 343 461 30.1 | -221.6 | 34.4
30.4 | -2349 | 339 511 30.1 | -230.9 | 34.0
36.3 | -163.5 | 33.4 657 36.3 | -263.6 | 33.4

Table 3.
Lithium Second Moment Comparison (Variance (ft?))

Garabedian Study Current Stud

X Y Z Days after Injection X Y Z
17.4 43.5 4.71 13 12.5 39.3 4.7
17.6 | 1174 | 5.25 33 134 | 1091 | 5.2
17.2 | 2223 | 4.95 55 134 | 2173 | 48
17.8 | 412.2 | 4.72 83 14.7 | 402.0 | 4.6
19.8 | 239.2 | 3.28 111 168 | 783.1 | 4.3
19.5 | 1057.0 | 5.17 139 11.2 | 1046.8 | 49
17.6 | 1790.0 | 5.31 174 12.7 | 2049.5 | 5.2
48.0 | 1843.0 | 6.50 203 13.8 | 2094.0 | 6.4
40.7 | 2272.0 | 6.98 237 26.3 | 2448.1 | 6.7
29.0 | 2934.0 | 7.46 273 19.3 | 29349 | 7.2
29.7 | 5318.0 | 7.18 315 18.5 | 5097.6 | 6.9
26.7 | 3711.0 | 7.14 349 15.4 | 3752.6 | 6.6
28.0 | 4544.0 | 7.18 384 20.4 | 4538.6 | 6.5
28.8 | 2149.0 | 4.00 426 15.6 | 2160.1 | 3.5
32.1 | 5652.0 | 7.46 461 19.7 | 5588.6 | 7.0
32.0 | 5482.0 | 7.84 511 204 | 53723 | 74
23.7 | 8452.0 | 7.34 657 11.3 | 8315.0 | 6.9

Below in Figures 5-7 a linear comparison is made for the zeroth, first, and
second spatial moments between this study and that of Garabedian. For the zeroth

moment, a slope of 0.9995 and an R? value of 0.976 is found in the comparison.
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Looking to the first moment, a slope of 0.9921 and an R? value of 0.8886 are found.
When the erroneous point on the last sampling day is removed, the resulting slope
and R? are 0.9930 and 0.9966 respectively. Finally for the second moment, the slope
is 0.9625 and R? is 0.9958. Once again the erroneous point on day 111 can be

removed and the resulting slope and R? are 0.9745 and 0.9978 respectively.

Figure 5.
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Figure 7.
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3.1.2 Bromide Data

A quick look at the data for bromide can provide a comparison to the lithium
data and the ability to show the differences between substances that undergo
sorption those that do not. Bromide data from the Cape Cod site has been studied
extensively when compared to that of lithium (Garabedian 1987, Garabedian et al.
19914, LeBlanc et al. 1991). In Tables 4-6, comparisons between the spatial
moments of bromide from this study and the Garabedian 1987 study are shown. It
can be seen that as was the case with lithium, the values for both studies are very
close. The fact that bromide does not undergo adsorption is evident from the lack of
a decrease in the zeroth moment values. This can be shown mathematically by
looking to Equation 2.9 and noticing that in the absence of sorption M;s will always
be equal to 0, thus making the mass in solution being equal to the total mass. The
distance traveled by the bromide plume over the duration of the study can also be

seen to be higher than that of the lithium as no retardation of the flow occurs due to
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the overall lack of sorption. Finally, the variance shows lower values during the later

stages of the experiment as the plume spreads less than that of lithium. The

spreading that results in the lithium case rather than the bromide case is due to the

sorption process leaving mass behind as the groundwater plume moves southward.

When bromide is considered, the lack of sorption leads to the plume staying

together throughout the tracer test and therefore reducing the spread of the plume,

which is seen in the second moment data.

Table 4.
Bromide Zeroth Moment Comparison (Concentration (g))
Days After Injection | Garabedian | Current Study | Percentage Change
13 4442 4234.00 4.68
33 5146 4746.00 7.77
55 4939 4286.00 13.22
83 4986 4890.00 1.93
111 4912 4783.00 2.63
139 4229 4301.00 -1.70
174 4318 4245.00 1.69
203 4850 4527.00 6.66
237 4901 4862.00 0.80
273 4469 4667.00 -4.43
315 4808 4777.00 0.64
349 4916 4762.00 3.13
384 4927 4870.00 1.16
426 4936 4970.00 -0.69
461 4998 5104.00 -2.12
511 4953 4303.00 13.12
Table 5.
Bromide First Moment Comparison (Center of Mass Location (ft))
Garabedian Current Study
X Y y4 Days after Injection X Y y4
2.5 -24.3 | 40.3 13 2.0 -23.0 | 39.9
8.7 -553 | 383 33 7.6 -52.9 | 38.0
9.9 -85.0 | 36.3 55 8.7 -804 | 358
18.5 | -127.6 | 34.7 83 18.6 | -128.7 | 35.1
26.7 | -167.1 | 33.8 111 273 | -168.2 | 34.1
33.2 | -211.5 | 339 139 32.9 | -209.2 | 33.8
36.5 | -251.2 | 31.6 174 37.0 | -255.2 | 32.0
375 [ -291.4 | 30.8 203 38.1 | -285.9 | 31.1
38.6 | -329.3 | 303 237 394 | -324.2 | 30.5
43.5 | -375.0 | 30.2 273 43.0 | -375.2 | 29.9
54.8 | -439.4 | 30.8 315 549 | -439.2 | 30.9
62.4 | -483.8 | 30.7 349 62.0 | 4799 | 30.5
71.7 | -532.7 | 30.3 384 71.9 | -5344 | 30.2
83.2 | -592.0 | 29.3 426 83.0 | -591.9 | 29.3
93.7 | -644.1 | 28.6 461 93.9 | -643.9 | 28.6
106.3 | -702.1 | 26.6 511 100.5 | -687.6 | 26.1
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Table 6.

Bromide Second Moment Comparison (Variance (ft"2))
Garabedian Study Current Study
X Y Y4 Days after Injection X Y Y4
16.6 69.8 4.0 13 109 | 458 4.0
19.8 217.1 5.0 33 16.3 | 139.8 4.9
20.7 375.1 5.4 55 16.6 | 2183 4.7
26.7 564.5 7.8 83 21.8 | 564.5 5.6
33.8 921.5 7.9 111 23.6 | 906.1 7.1
374 | 12611 | 7.7 139 26.0 | 1336.7 | 7.3
46.3 | 1443.5 | 11.1 174 345 | 1518.1 | 8.8
414 | 1742.0 | 11.0 203 28.1 | 2206.6 | 10.0
54.7 | 19104 | 11.3 237 56.4 | 2856.1 | 12.0
558 | 21144 | 113 273 50.0 | 2087.7 | 10.4
65.0 | 2590.2 | 14.7 315 60.5 | 2673.9 | 145
63.2 | 2441.1 | 94 349 55.6 | 2837.0 | 10.1
75.0 | 3515.7 | 8.8 384 67.5 | 3532.1 | 7.6
82.8 | 3597.1 | 8.7 426 70.8 | 3577.6 | 7.9
76.9 | 4003.2 | 10.5 461 57.2 | 3992.0 | 8.8
112.5 | 43629 | 143 511 84.2 | 32573 | 13.8

3.2 Quantitative Modeling
Using the quantitative models derived in section 2.2, comparisons can

now be made between the values shown in the tables above and those derived from

the model.

3.2.1 Zeroth Moment

Using Equation 2.23, the ratio of mass in solution, the zeroth moment, to the

total mass can be solved for and then modeled against that of the field data that has

been shown in section 3.1. Values for some state variables are listed in Table 7. All

values have been taken from Miralles-Wilhelm 1993.

Table 7.

Defined Values

Mt 595 g

Di; | 11000 cm?/day

D2, 22 cm?/day

D33 .22 cm?/day

Kr 0.3 (I/mg)os

Pb 1.7 g/cm3
n 0.39
N 0.5

What is expected is that the quantitative modeling equation, Equation 2.23,

will match the structure of the field data. Figure 8 below shows the comparison
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between the modeled equation, line, and the field data, circles. It can be seen that
the match is nearly identical when comparing the two and thus the author believes
that with the help of simple governing equations and a few approximations, the
zeroth moment of a nonlinear sorbing solute can be traced through time using
Equation 2.23. Slight modifications have been made to fit the line to the field data. In
order to better fit the modeled line to the data, a trial and error adjustment of the
adsorption coefficient and Freundlich coefficient have been made by slightly
changing each value until an acceptable fit was reached. By keeping both the
adsorption coefficient and Freundlich coefficient close to the estimated values from
Garabedian, it is ensured that the model is not changing the overall dynamics of the

aquifer.

Figure 8.
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3.2.2 First and Second Moments

Graphical representations of the first and second moments values in the y-
direction are shown in Figures 9 and 10 respectively. Values in both plots for day
426 show unexpected decreases, which has been noted as an incomplete sampling
day (Garabedian 1987). During modeling of the first and second moments, the data
point for day 426 will be ignored for better representation of true plume
characteristics. The relative velocity of the lithium plume can be interpreted by
looking to the slope of the blue line in Figure 9 and can be seen slowing down during
the second half of the experiment, especially when compared to the red line which
represents the movement of the bromide plume. The relative speed of the bromide
plume remains close to constant throughout the experiment as it moves with the
groundwater. As the velocity of lithium slows down in Figure 9, the variance of
lithium, blue line, in Figure 10 continues to increase as sorption continues to
increase the spread of the plume. Meanwhile the bromide plume does not show as
great of a variance towards the end of the experiment when compared to lithium as

shown in Section 3.1.2
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Figure 9.
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An attempt was made at modeling the first spatial moment by solving
Equation 2.30.1 through the use of backwards Eularian integration. It was found

that the model projected an overall acceleration of the center of mass throughout
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the duration of the experiment, which when looking at Figures 4 and 9, it can be
seen that the plume itself slows down compared to that of the overall groundwater
velocity. Theories as to why the zeroth moment works well and the first moment
does not are limited, but the author notes that the Gaussian approximation may not
be appropriate nonlinear sorption as the plume in Figure 4, losing the Gaussian

features very early in the experiment.

Chapter 4: Summary and Conclusion

4.1 Summary
Through the use of trapezoidal integration and Delaunay triangulation,

spatial moment calculations have been made for a nonlinear sorbing solution of
lithium at the Cape Cod tracer test. These values have shown to be comparable to a
prior study completed by Garabedian 1987 with R? values all near or greater than
90%. With confirmed calculations of spatial moments from field data, derivations of
quantitative models of spatial moments could be made using a Gaussian Plume
model approximation as well as having aquifer specific porosity and hydraulic
conductivity.

The quantitative representation of the zeroth moment has shown to match
up extremely well with that of the field data calculated prior. With the flexibility of
being able to tweak the adsorption coefficient as well as the Freundlich coefficient to
allow the model of the zeroth moment to match the field data provides a powerful
tool if both values remain logical. The values used for the adsorption coefficient and

Freundlich coefficient have been estimated from previous studies(Garabedian 1987;
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Miralles-Wilhelm 1993) and while they have been slightly for this study, the changes
allow the values to remain within reason.
4.2 Improvements

Quantitative models of higher moments currently are unsolvable due to the
first assumption made for this study. By using a Gaussian Plume approximation, it
has been assumed that as the contamination plume travels, the plume remains
Gaussian in nature throughout the duration of the test. From Figure 4, it can be seen
that the lithium plume loses the Gaussian form the longer the test lasts as there is
sorption taking place as the plume moves and the spread of the plume increases in
the y-direction. In order to solve for the higher moments an approach that does not
utilize the Gaussian approximation may be necessary. In addition to correcting the
plume approximation, improvements can be made in the comparison to the
Garabedian moment analysis. The author has disregarded several days of records
when comparing calculations of the spatial moments, however, investigations into
the differences may be warranted, as the differences do not fall on one specific
sampling date.

4.3 Future Work
With the successful derivation of the zeroth moment model, successfully

solving for higher moments would be the next step. Stochastic analysis was
attempted in order to account for small deviations in state variables throughout the
duration of the experiment, however the resulting analysis revealed that all
significant quantities were too small in the result. Adapting the stochastic approach

from works such as Gelhar 1993 and Miralles-Wilhelm and Gelhar 1996 may lead to
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solutions that correctly solve the first moment, but only after the Gaussian

approximation is addressed.
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